Central spin models describe a variety of quantum systems in which a spin-1/2 qubit interacts with a bath of surrounding spins, as realized in quantum dots and defect centers in diamond. We show that the fully anisotropic central spin Hamiltonian with (XX) Heisenberg interactions is integrable. Building on the class of integrable Richardson-Gaudin models, we derive an extensive set of conserved quantities and obtain the exact eigenstates using the Bethe ansatz. These states divide into two exponentially large classes: bright states, where the qubit is entangled with the bath, and dark states, where it is not. We discuss how dark states limit qubit-assisted spin bath polarization and provide a robust long-lived quantum memory for qubit states. arXiv:2001.10008v1 [cond-mat.str-el] 
Introduction. -With the advent of new quantum technologies, there is increasing interest in using small quantum systems to control and coherently manipulate mesoscopic environments [1] [2] [3] [4] [5] [6] . In the simplest setting, a single spin-1/2 qubit controls a surrounding bath of spins, extending the available degrees of freedom and turning the detrimental effects of the bath into a useful resource. These systems are modelled by central spin (or spin star) Hamiltonians, as schematically illustrated in Fig. 1 . Central spin models have broad applicability in quantum information [7, 8] , quantum metrology and sensing [9, 10] , and describe the interactions between nitrogen-vacancy centers and nuclear spins in diamond [11, 12] and the hyperfine interaction in quantum dots [13] [14] [15] .
The central spin ì S 0 typically interacts with the bath spins ì S i through anisotropic Heisenberg interactions ∝ S x 0 S x i + S y 0 S y i + α S z 0 S z i . The fully isotropic XXX model (α = 1) is common in systems with emergent spherical symmetry, e.g. quantum dots in semiconductors with s-type conduction bands [13, 14] , while the fully anisotropic XX model (α = 0) arises in resonant dipolar spin systems in rotating frames [16] [17] [18] [19] [20] [21] [22] . Crucially, the fully isotropic XXX model is integrable, belonging to the class of XXX Richardson-Gaudin integrable models [23] [24] [25] . Integrability guarantees an extensive set of conserved quantities and allows all eigenstates to be exactly obtained using Bethe ansatz techniques, which has led to various studies of the equilibrium and dynamical properties of the XXX model [10, [26] [27] [28] [29] [30] . However, generic central spin models with α 1 are not known to be integrable.
In this work, we show that the fully anisotropic XX model (α = 0) is integrable and exhibits a rich eigenstate structure. Its Hamiltonian describes a central spin-1 2 qubit in an external magnetic field ω 0 , interacting with a bath of L spins in a uniform field ω,
Here, the interaction strengths g i are taken to be inhomogeneous and the bath spins can have arbitrary spin s i (see Fig. 1 ).
Since H conserves total spin projection S z = S z 0 + i S z i , we set ω = 0 without loss of generality. To establish the integrability of H, we present an extensive number of conserved charges and construct the exact eigenstates using the Bethe ansatz [23] .
We note that Jivulescu et al. previously used Bethe ansatz techniques to construct a subset of exact eigenstates [31, 32] , but did not show that H is integrable. Remarkably, the eigenstates of the XX model separate into two exponentially large classes with distinct entanglement structure. Dark states |D , have a product state (unentangled) structure |↓ 0 ⊗ |D − or |↑ 0 ⊗ |D + , where the central spin is fully polarized along the z-direction and the bath state satisfies
Dark states are independent of ω 0 and form degenerate manifolds with energy ±ω 0 /2 in every S z sector. In contrast, bright states |B exhibit qubit-bath entanglement and are given by linear combinations of definite central spin projection c ↓ |↓ 0 ⊗ |B − + c ↑ |↑ 0 ⊗ |B + . These states explicitly depend on ω 0 , and arise in pairs exhibiting level repulsion in the eigenspectrum of H (schematically shown in Fig. 2 ). Bright and dark states play an important role in qubitassisted polarization of the spin bath [33] [34] [35] [36] . Dark states have also been proposed as candidates for quantum memory, as their unentangled structure can be used to robustly store qubit states [33, 37] . We discuss the polarization and memory applications of the XX model in the concluding section.
Conserved charges. -The conserved charges of the Hamiltonian H in Eq. (1) follow from the class of integrable XXZ Richardson-Gaudin models [23] [24] [25] (see the explicit derivation below), and are given by
These satisfy [H, Q i ] = 0 and [Q i , Q j ] = 0, ∀i, j = 1 . . . L. Interpreting H as Q 0 , the number of linearly-independent conserved charges exactly equals the number of spins in the system. An additional conserved charge that helps establish integrability is given bỹ
which can be obtained as a linear combination of the conserved charges asQ = L i=1 g 2 i Q i . The chargeQ relates directly to the square of the Hamiltoniañ
using the spin-1 2 properties of the central spin. Such quadratic relations between conserved charges are prevalent in Richardson-Gaudin systems [38] [39] [40] [41] .
While the eigenstates ofQ at finite (non-zero) energy are not necessarily eigenstates of H, the zero-energy eigenstates ofQ are guaranteed to be eigenstates of H with eigenvalue ±ω 0 /2. It is precisely these zero modes that are the dark states. Eigenstates ofQ with non-zero eigenvalue ∆ 2 will be shown to be doubly-degenerate. In the spectrum of H, these states exhibit level repulsion, and split into a pair of bright states with energies ± ω 2 0 /4 + ∆ 2 (see Fig. 2 ). Dark and bright states. -All eigenstates of H can be expressed in terms of generalized spin raising operators acting on a vacuum state. To distinguish between dark and bright states, we assume S z < 0 in the main text and take the vacuum to be the state with all spins maximally down [42] . Consider the Bethe states with N < L/2 spin excitations on top of the
with generalized spin raising operators that depend on (possibly
As no spin raising operators act on the central spin, the central spin points along −z in the Bethe states.
In the regime S z ≤ 0, the only allowed dark states are those with central spin down, which are exactly of the form of Eq. (6). Namely, dark states satisfy
for a = 1 . . . N. Importantly, these rapidities, and hence the structure of dark states, only depend on {g i } and not on ω 0 . The bright states, on the other hand, can be written as a linear combination of two Bethe states of the form (6), with central spin down and up respectively,
with rapidities now satisfying
for a = 1, . . . , N − 1. The bright states satisfy
While the rapidities v 1 , . . . v N −1 do not depend on ω 0 , the quadratic equation for the energy E does. As such, each solution for v 1 . . . v N −1 leads to two possible solutions for E, which exhibit level repulsion. These states are similar to nested Bethe ansatz states, with two different kinds of raising operators and two kinds of Bethe equations [43] .
Interestingly, the expectation value of the central spin polarization of any eigenstate can be related to its energy E by combining the Hellmann-Feynman theorem with Eq. (11):
This relation is illustrated in Fig. 3 for a pair of bright states. For dark states, taking E = ±ω 0 /2 returns the expected value of S z 0 = ±1/2. We end this section with a few comments. For S z < 0, the solutions to Eqs. (9) and (12) respectively identify dark states in which the central spin points along −z, and bright states. For S z = 0, the Bethe equations (9) do not admit any solutions, and consequently, all the states in the spectrum are bright. More generally, the Bethe equations do not admit any solutions if S z ≥ 0. Nevertheless, the spectrum for S z > 0 has bright and dark states, with the central spin along +z in the dark states. The dark states now arise as additional solutions to the Bethe equations in Eq. (12) in which some of the rapidities are zero. They are obtained by taking the limit E → ∞ in Eq. (10) (as a zero rapidity implies E → ∞ in Eq. (11)). In this regime, dark state energies are not given by E, but by +ω 0 /2. Explicit derivation. -The structure of the conserved charges can be easily understood starting fromQ rather than H. To this end, we rewriteQ as
Above, G ± ≡ G ± (0) = L i=1 g i S ± i , and (1/2 ± S z 0 ) projects the central spin along the z-direction. Hamiltonians of the form G ± G ∓ arise in the study of topological superconductivity and superfluidity [44] [45] [46] , neutron pairing [47] , and Sachdev-Ye-Kitaev-like models [48] . These are Richardson-Gaudin integrable, and all results for their eigenstates and conserved charges can be found in, e.g., Refs. [24, 25, [48] [49] [50] [51] [52] .
The conserved charges of G − G + are known to be
which mutually commute and commute with G − G + . The conserved charges Q (+−) i of G + G − immediately follow from those of G − G + through spin inversion symmetry, since mapping S ± → S ∓ and S z → −S z leaves the su(2) algebra invariant and maps G − G + → G + G − . The conserved quantities ofQ then follow by combining these with the appropriate projection operators from Eq. (15) as
Using the spin-1/2 properties of the central spin, Eq. (17) simplifies to Eq. (3). It can be easily checked that, not only do these conserved charges satisfy [Q i , Q j ] = 0, ∀i, j, but they also satisfy [H, Q i ] = 0, ∀i.
The eigenstates of H can be similarly derived by making the connection with the eigenstates ofQ. The eigenstates of G + G − can be written as two kinds of Bethe states of the form (6), depending on the number of zero rapidities (see e.g. Ref. [48] ). The first kind are zero-energy eigenstates where all rapidities are nonzero and satisfy Eq. (9),
The action ofQ reduces to the action of G + G − on these states because S z 0 = −1/2 in the vacuum state in Eq. The second kind of eigenstates of G + G − have one zero rapidity and non-zero positive eigenvalues:
where the non-zero rapidities satisfy Eq. (12) . Furthermore, it is easily shown that the state |ψ(v 1 , . . . , v N −1 ) is an eigenstate of G − G + with the same eigenvalue as in Eq. (19) . Both states can be made into eigenstates ofQ by applying the proper central spin projectors. It follows thatQ has doubly-degenerate eigenstates
with the same number of spin excitations N. Acting with H on either of these states creates of linear superposition of them, and the eigenvalue equation for H in this two-dimensional space leads to the quadratic equation (11) for the states (10) . As can be expected, the degenerate pairs of states (20) are also eigenstates for each separate conserved charge Q i . This follows from the observation that
with the same eigenvalue. The eigenvalues of Q i then follow from the known eigenvalues of the conserved charges of either G + G − or G − G + (see e.g. Ref. [48] ). The eigenvalue q i of Q i for the dark states is given by
and for the bright states by
Counting of states. -The number of dark states can be obtained in various ways, either using dimensionality arguments or by counting the number of possible solutions to the Bethe equations. We focus on a system with a bath of L spin-1/2 particles and S z < 0; the generalization to S z > 0 and any choice of bath spins is straightforward. Dark states with N < L/2 spin excitations have central spin down and live within a L Ndimensional subspace of the Hilbert space. By Eq. (2), the dark states are projected by G − onto the zero-vector of the L N −1 -dimensional subspace of N − 1 spin excitations. The corresponding dark state manifold thus consists of precisely those L N − L N −1 orthogonal states with no parallel projection. This is exactly the number of solutions to the Bethe equations (9) for dark states; the number of solutions to the Bethe equations are well-studied in the literature [52] . A similar expression for the number of dark states was presented in Ref. [33] .
For bright states, the number of distinct solutions to Eq. (12) is given by L N −1 , and each solution for the set v 1 , v 2 , . . . , v N −1 leads to two possible solutions for E in Eq. (11) and a pair of bright states. Combined, the total number of eigenstates is given by
returning the expected number of eigenstates in each S z sector and showing the expected completeness of the Bethe ansatz for spin-1 2 Richardson-Gaudin systems [41] . It also follows from the scaling of the binomial coefficients that the number of both dark and bright states grows exponentially with bath size L.
Discussion. -We established a new family of integrable Richardson-Gaudin central spin models with anisotropic XX interactions by deriving the full set of conserved charges and Bethe eigenstates. The eigenstates can be divided in two classes, dark or bright, depending on their qubit-bath entanglement properties.
Dark states exhibit no qubit-bath entanglement and can be used to store qubit states for quantum memory. Ref. [33] proposed a scheme to store (and retrieve) an arbitrary qubit state in the state of the bath using adiabatic passage in the XXX model with weak inhomogeneous couplings g j . This scheme immediately generalizes to the XX model, even in the presence of strong inhomogeneities. Starting from a product state in which the central spin is in the desired qubit state and the environment in a dark state, the qubit state can be encoded in a superposition of dark and bright states (taking e.g. large positive ω 0 values in Eq. (10)). Since the dark component of the wavefunction is independent of ω 0 , an adiabatic passage to large negative values of ω 0 transfers the qubit state to the bath as
where φ B are the relative phases accrued during the passage. The final bath state serves as a robust memory for the qubit state; the qubit state can be retrieved by symmetrically reversing the process and accounting for the phases φ B . This invites quantum memory applications in defect center or dot systems which are well described by the XX model.
Dark states are also known to limit hyperpolarization protocols which use a central qubit to transfer polarization to/from a bath [15] . In such protocols, the qubit is repeatedly polarized and manipulated (e.g. by tuning the field ω 0 ) to induce qubitbath exchange interactions. Since qubit-bath polarization exchanges are only possible in bright states, the bath polarization saturates to a value determined by the populated dark states. Several experiments have found saturation at high (above 60%) spin bath polarizations [53] [54] [55] , and strategies to overcome the limitations imposed by dark states have been proposed [34, 35] . The explicit structure of dark states presented in our work may allow for the development of new hyperpolarization protocols with high saturation values of the bath polarization.
Not only the existence of bright and dark states, but also the integrability of the XX model has both physical and theoretical implications. Physically, integrable models are known to exhibit non-ergodic behaviour at long times and long-lived correlations due to the presence of conservation laws [56] [57] [58] . For the XX model, our expression for the conserved quantities Q i in Eq. (3) suggests that observables such as S z 0 S z i may not thermalize at long times. Theoretically, the Bethe ansatz allows for exact theoretical and numerical studies in system sizes beyond the reach of exact diagonalization [24, 29, 30, [59] [60] [61] [62] [63] , providing new avenues for the study of non-equilibrium dynamics in central spin models.
